Abstract. The Möbius inversion technique is applied to the Poisson summation formula. This results in expressions for the remainder term in the Fourier coefficient asymptotic expansion as an infinite series. Each element of this series is a remainder term in the corresponding Euler-Maclaurin summation formula, and the series has specified convergence properties.
In this paper we restrict ourselves to functions f(x) which (preferably together with their first few derivatives) are continuous in the interval [0, 1] . In the sequel we shall provide a generalization of these results to cover functions which have algebraic or logarithmic singularities of a specified nature in the interval, and provide modifications for functions which are analytic in the interval but which have inconvenient numerical properties due to nearby poles in the complex plane. The approximations C{m)f and Sim)f derived here differ fundamentally from other standard formulas, though they have some points in common. They seem particularly suitable in a situation in which all the Fourier coefficients are required to a uniform accuracy e, a subroutine for f(x) is available and (so far as Part I is concerned) f(x) together with its first few derivatives are known to be continuous in [0, 1] . The points of similarity include the property that the approximations C(m>/ (or Sim)f), m = 1, 2, ■ • -, are based on the same set of function values or a subset of this set. The principal difference is that there is no restriction to a particular number of points for function evaluation per period. In fact, coefficients of the type cos 2-KJ/m do not appear in these formulas. The implementation has a degree of flexibility. If the value of the integral J¿ f(x)dx is known, or approximate values of derivatives/<?) (0) and/<5>(l) are known, this information may be incorporated in a simple manner into the formulas with a consequent reduction in the number of function values required.
The first half of this paper contains no approximation theory. In Section 2, the Poisson summation formula is introduced. In Section 3 the asymptotic expansion for the Fourier coefficient and the Euler-Maclaurin summation formula are derived. In Section 5 the Möbius inversion technique is discussed. All these results are classical, and are included here briefly to provide a proper background, and to establish an appropriate notation. A brief discussion which illustrates the danger of using the asymptotic expansion (without the remainder term) for numerical calculation is included in Section 4. This provides a proper motivation for the evidently new formulas derived in Section 6 by making use of the classical results of Sections 2, 3, and 5. These resemble the asymptotic expansion, but provide the remainder term in a completely different form. This involves an infinite series; the terms of this series may be readily calculated and the ultimate rate of convergence of the series is known.
In the second half of this paper, methods of applying this formula in actual calculations are described. This involves the appropriate assignment of various parameters occurring in the exact formula, together with the practical determination of the point at which to truncate the infinite series. In Sections 8 and 9 an implementation of an essentially practical nature is described. In Section 10 some theoretical properties of the approximation are described and a standard approximation error bound is derived. In Section 11a discussion of what the author considers to be the essential features of the method is presented, in the form of a comparison with a finite version of the Fast Fourier Transform and with the Filon-Luke Formulas.
A suitable starting point for all the theory required in both this paper and its sequel is to assume the well-known relations between fix) and its Fourier series fix). In order to present this theory in a relatively straightforward manner we restrict the functions fix) being considered to those to which the standard theorems of finite Fourier analysis may be applied without having to state detailed restrictions at every stage. Consequently we introduce the following overall restrictions : The theory presented in Section 2 requires no further restriction. However, at the present time, this theory has been developed to the stage of providing a viable method for the calculation of Fourier coefficients only in the case in which these singularities are algebraic or logarithmic.
In the rest of this paper (Part I), we deal with a much smaller class of function. Here/(a;) has to be continuous in the closed interval [0, 1] and, for the results to be more than trivial identities, some of the derivatives of fix) have to be continuous as well : (1. 3) (iii) fix) G Cp[0, 1] , p^0.
2. Finite Forms of the Poison Summation Formula. In this section we define the trapezoidal rule and use the fundamental theorem about Fourier series to derive a finite form of Poisson's summation formula. These results apply to functions which satisfy the first two restrictions (1.1) and (1.2) mentioned in Section 1. In Section 3 we confine our attention to continuous functions which satisfy restriction (1.3) and derive the standard Fourier coefficient asymptotic expansion and the Euler-Maclaurin summation formula.
The reader who is familiar with these formulas need only refer to these sections in order to acquaint himself with the notation.
It is convenient to emphasize the linear nature of many of the quantities occurring in this paper. This is done by using the terminology of linear operators wherever possible, though most of the expressions required are classical and more familiar in an expanded form. Consequently we denote the integral of fix) by We invoke the classical theorems from the theory of Fourier analysis to define the Fourier series fix) oí fix). This is given formally by (2.3) fix) = If + 2 £ CMf cos 2*rx + 2 £ Sir)f sin 2-rrx .
r=l r=l
As is well known the function Jix) defined as the sum of the series in (2.3) coincides in general with the function/^). So long as fix) satisfies restrictions (1.1) and (1.2), Jix) exists at all points other than possibly those at which fix) itself is undefined. It is very well known that, if the limits in the following equations exist, then (2. 4) Jix) = a lim if ix + e) + fix -0) , 0 < x < 1 4!->0 and (2.5) 7(0) = 7(D = § urn (/{«O + fil -e)) .
s-*0+
We now introduce a condensed notation for the trapezoidal quadrature rule approximations to the integral (2.6) // = IJ = / fix)dx .
J o
The conventional (end point) trapezoidal rule approximation is defined by
We also require a general 'offset' trapezoidal rule. This is one which uses m equally spaced function values, the spacing being 1/m with the first abscissa at the point (2.8) tAm = (1 + a)/2m , \a\ < 1 .
General Offset Trapezoidal Rule \a\ ¿¿ 1.
(2.9) Rlm-]f = ~£ /(Í + ^~1) , t. = (1 + «)/2 , ( The special case a = 1 is given by (2.7) above.) These rule sums exist only if fix) is defined at each of the points required for function evaluation. The classical Poisson summation formula relates an infinite series of function values to an infinite series of Fourier transforms. It may be written in the form (2.10)
A £ fijh) = £ r fit) cos [2*rf/A]di.
3=-oo r=-co -oo
Clearly the function fix) has to satisfy certain properties which ensure that the various limiting processes required in this formula exist. In this paper we are concerned with various finite forms of this formula, namely (2.13) to (2.16) below. While these may be obtained directly from the classical Poisson summation formula by inserting specially chosen functions fix), it is more in keeping with our underlying approach to proceed directly from the trapezoidal rule sum (2.9) and the Fourier series (2.3). Specifically we may substitute for the quantity 7(0' + ta -l)/m) which occurs in (2.9), the Fourier series given by (2.3) and change the order of the summation operators. This change is permissible since one of the sums is finite. The summation over index j may be carried out analytically, making use of identities such as
771
/o \ S cos [2tt0' + ta -l)/m] = m cos 2irrta , r/m = integer (2.11;
,=i = 0 , r/m 5¿ integer.
The result is as follows: General Finite Form of Poisson Summation Formula.
(2.12) R[mMJ -IJ = 2 £ cos 2irrtaC(rm)f + 2 £ sin 2irrtaSirm)f.
Subsequently we make use of only four simple special cases of this formula; two are obtained from (2.12) by setting a = 1 and a = 0 ; the third is a linear combination of these; the fourth is a linear combination obtained from (2.12) with a = -\ and a = \. These are respectively:
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
These are all simple variants of a finite form of the Poisson summation formula. The formulas of this section are valid if fix) satisfies restrictions (1.1) and (1.2) and if the rule sums are defined and so do not involve function evaluation at an abscissa for which fix) is not defined. Thus (2.14) can be used with/(.r) = x~112.
3. The Fourier Coefficient and the Euler-Maclaurin Asymptotic Expansions. The results of the previous section are valid for a wide class of functions fix), which includes all those satisfying restrictions (1.1) and (1.2). We now specialize the theory to functions fix) which are continuous in the closed interval [0, 1]. The various formulas derived here require that fix) together with its first p derivatives should be continuous in the closed interval [0,1]. We denote this condition by the statement (3.1) fix) G HO, 1] .
The first result we require is an asymptotic expansion for the Fourier coefficient. This may be obtained by integration by parts. Thus
The integral on the right is of the same form as that on the left, but with fix) replacing fix). Thus we may successively integrate by parts to form a finite series whose rth term includes a factor 02-KÍm)~~r, together with a remainder term. Taking the real and imaginary parts we find the following formulas. The Fourier Coefficient Asymptotic Expansion.
(3.3) (3.4) = f fix C(m)f= I fix) cos 2irmxdx
The most convenient forms of the remainder terms <7p(m)/and Sp{m)f differ according as p is even or odd. For example (3.5) Of f = ^~4TP I' fv) A) (cos 2rrmx -1 )dx . In Section 4 we discuss several examples of the Fourier coefficient asymptotic expansion.
These asymptotic expansions may be used to derive another set of asymptotic expansions. These are variants of the classical Euler-Maclaurin summation formula. The Poisson summation formula (2.12) expresses the error functional Elm'a]J = Ä[m,al7 -IJ in terms of an infinite series involving the Fourier coefficients Clrm)f and Sirm)f. We may substitute for these their expressions given by the finite sums on the right-hand sides of (3.3) and (3.4) . The resulting formula may be simplified by introducing the Bernoulli functions cos 2-Krx lS2qKx) = -¿{-I)"AW-Z, (3.7)
This leads to the following formula.
General Euler-Maclaurin Asymptotic Expansion.
where the remainder term is EplmMf = 2 £ cos2-KrtaCPmr)f + 2 £ sin 2ArrtaSp(mr) f In the subsequent theory, we shall be interested in four special cases of this formula. (3.12) (3.13) (3.14) B2qjl) = 2j-iy-1ti2g) .
We now write down the particular cases of the Euler-Maclaurin asymptotic expansion which correspond to the operators introduced in Eqs. (2.13) to (2.16). In doing so we replace the Bernoulli functions in (3.8) by equivalent forms expressed in terms of the Riemann zeta function and its variants given above 
■ÍÍ
(2Km)2q
The first of these is the classical Euler-Maclaurin summation formula. It is interesting to note the close similarity between this formula (3.15) and the cosine Fourier coefficient asymptotic expansion (3.3). The difference is the factor 2f(2g), which occurs in each term in (3.15) but is absent in (3.3) . For large values of q, f (2q) ~ 1. The subsequent theory exploits this similarity and the corresponding similarity between the other expansions (3.16) to (3.18) and either (3.3) or (3.4). 4 . Examples of the Fourier Coefficient Asymptotic Expansion. In Section 3 we derived two sets of asymptotic expansions. These expressed the Fourier coefficients and the error functional as a finite series, together with a remainder term. All of these expansions have a very similar structure. In this section we discuss in more detail one of these, the cosine Fourier coefficient expansion (3.3). However, this discussion applies with only minor modification to any of these expansions.
In a problem in which there is no difficulty associated with the calculation of derivatives, it would be very convenient if Eq. (3.3) could be used to evaluate the cosine Fourier coefficient. This would involve in practice truncating this series at a point at which the remainder term Cp(m)f is thought to be smaller in magnitude than e, the required accuracy. The main problem in such a calculation would be that of estimating the magnitude of the remainder term C"(m)/.
If/(a) happened to be a function for which lim^«, Cplm)f = 0, then the series in (3.3) may converge. The numerical summation of this series could then be attempted with some sort of confidence. But it is well known that in general this is not the case. The infinite series obtained from (3.3) by allowing p to become infinite is an asymptotic expansion which is generally divergent.
The remaining sections in this paper are devoted principally to obtaining a representation for the remainder terms Cj,(m)/ and Sp(m)f which may be evaluated in a relatively straightforward manner. Thus it is appropriate to discuss at this stage briefly the general pattern of behavior of this expansion and its remainder term in certain simple cases. This discussion will indicate the importance of the remainder term and show how dangerous it may be to make any assumption about its size which is not rigorously justified.
As a preliminary we consider the information already available. This is that Cp(m)f is of order O0m-p). While this is of considerable use in further analytic investigations, it is of very doubtful value in direct numerical application. Essentially we may assume the following. If we retain the first p/2 terms, and require some accuracy «, there is some value of m, say mo, for which the remainder term |Cp(m)/| < e for all m > m0. Unfortunately, the value of m0 as a function of e is not known a priori. To determine ra0 in any particular instance requires an analytical investigation based on the particular properties of fix).
The simplest example is the polynomial. If fix) is a polynomial in x of degree d, the expansion terminates, leaving an expression for the cosine (sine) Fourier coefficient as an even (odd) polynomial in 1/m of degree d or less.
Another simple class of functions consists of entire functions of order 1. Thus if fix) = eax it is simple to show that if 2-irm > \ a \, the series converges geometrically ; on the other hand if 2irm < \a\, the series diverges geometrically. This behavior is typical of all entire functions of order 1.
However, the series may converge to an incorrect result. If fix) G CK[0, 1] and is periodic with period 1, we find that The examples mentioned above are mainly examples in which the series converges (to a correct or incorrect result) or in which the divergent nature of the expansion is at once apparent.
If fix) is an analytic function having a singularity in the complex plane at a finite distance from the origin, or is an entire function of order greater than 1, the series is almost invariably divergent for any value of m. (The exceptions to this statement arise if fix) is periodic with period 1 and C°°[0, 1], or if some symmetry property has the consequence that the significant part of/(3)(0) and of /(9)(1)> although very large in magnitude, eliminate each other when taken in the combination /(g)(1) _ /(5)(o) for all q odd (or even).) Thus with (4) (5) (6) fix) = t he nonzero terms in the series are
For large m, the series consists first of terms successively decreasing in magnitude. However, when terms T2q' where 2q' > 2wm are reached, the terms in the series successively increase in magnitude. The series diverges for all m. The function fix) given by (4.6) can be shown to have an nth derivative of constant sign in the interval [0, 1] . This information can be used to show that the series is semiconvergent, i.e., the value of C2p(m)f is smaller in magnitude than the final included term T2p and of the same sign as T2p. But in general one cannot expect fix) to have the property that its high-order derivatives have constant sign in the interval [0, 1]. It may be very dangerous indeed to assume that such series have 'approximate' properties of this nature. An example (which is not pathological) is given by (4.8) /(*) = 1/ix2 -x + 0.26) .
This function has simple poles at z = § ± yo~í. The individual terms in the expansion have a straightforward analytic expression. In Table 1 , the values of T2q and of the partial sums The true value of this integral is +0.701.
In conclusion then, the use of this expansion for numerical computation can be very unreliable and deceptive unless some bound on the remainder term is available. Even then, the true value of the remainder term may be so large that the numerical result is not meaningful. In Section 6 an expression for the remainder term is derived, in the form of a convergent series. Thus a meaningful calculation based on the series described in this section may be carried out, if the additional work involved in calculating the value of the remainder term is included in the calculation. The elements and partial sums in the asymptotic expansion of the sixth cosine
Fourier coefficient oifOx) = l/(a;2 -x + 0.26).
5. The M"bius Inversion Technique. One of the standard topics in the theory of numbers is the theory of Möbius inversion. This is concerned with the inversion of an infinite set of equations. We suppose that the set of numbers G0m), m = 1,2, The proof of (1) above may be found in any standard textbook on Number Theory. (See for example Hardy and Wright [9] .) The results (3), (4), and (2) are successively more complicated consequences of (1).
In Section 6 we shall use some results which require the inversion of the formula for the Riemann zeta function This may be identified with (5.1) by setting
Equation (5.2) then follows formally, the values of b¡ being given by (5.6) above.
This is in fact the form in which we require this identity. The standard form is
The validity of (5.13) and so of (5.14) is established by showing that condition (5.4)
is satisfied. Here we have
q>l, m the first inequality being obtained by replacing \p¡\ by its upper bound 1.
We require in Section 6 the result corresponding to (5.13) for the variants of the Riemann zeta function. These are 
These may all be established formally following the procedure by which (5.13) was established. However, condition (5.4) is not satisfied for the first expression (involving the coefficients vs) for q :S 2 and a separate proof is required for 1 < q ^ 2. The fundamental idea on which the following theory is based is that the Poisson summation formula is a formula to which the Möbius inversion technique may be applied. This appears to have been previously unnoticed, except by Goldberg and Varga [7] . The inverted formula obtained in this way is (6.10) below which by itself is only useful if fix) happens to be periodic and C°°[0, 1]. But the principle, which uses the Möbius inversion formula to obtain formulas for Fourier coefficients in terms of function values, is very useful and credit for this idea belongs to Goldberg and Varga.
Instead of proceeding directly to invert the Poisson summation formula, it is more convenient to invert the corresponding formulas (3.9) which express the remainder term in the Euler-Maclaurin expansion in terms of remainder terms for the Fourier coefficient asymptotic expansion. The four special cases of (3.9) we use are:
Each of these is of precisely the form (5.1), namely
and each may be inverted to give a formula of the form (5.2),
The set of numbers a¿ are different in each of the four cases and coincide with the four sets listed in relations (5.6) to (5.9) of Theorem 5.6 in Section 5. This theorem provides the appropriate values of the set of numbers 6¿. Substituting into (6.5) we obtain four formulas, namely 
i=i k=i m in all four cases. The first and third equation of (6.6) may be validated for p > 1 using this same condition (5.4). However, the second equation, that involving the coefficient ve, requires a separate proof for the case 1 < p g 2. This proof is straightforward, but tedious. Equation (6.7) is in fact valid for p 2: 1, but for p ^ 2, the proof is extremely sophisticated. This rather special case depends on Eq. (6.17) below; there is a brief discussion following that equation. These equations, expressed in a different form, are suitable for calculating Fourier coefficients. Each remainder term occurring in these equations was originally defined (in (3.3), (3.4), and (3.15) to (3.18)) as the difference between some functional such as C{m)f and the first p terms of its asymptotic expansion. Thus the next step is to substitute for these remainder terms into (6.6) and (6.7). It is convenient to describe this in detail for only one of these equations. The corresponding results for the others are given towards the end of this section. The first equation in (6.6) is
We may substitute for these remainder terms using (3.3) and (3.15) . This gives
This formula is of interest because it provides a remainder term, in the form of an infinite series, for the truncated asymptotic series for the Fourier coefficient. It appears that (6.9) may be generalized. The special case with n = 0 may be written
We may add to each side of this equation different multiples of (5.13) with different values of q, and in view of the absolute convergence of all the series involved, we may combine these to give
where K2, Ka,, • • -, K2n are arbitrary. Equation (6.9) is merely a special case of this
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In one sense this is an optimum choice as it makes the term in square brackets a term of order 0(s~2(n+1)), ensuring the maximum ultimate rate of convergence for the series.
This equation and the others like it given below ((6.13), (6.14), and (6.15)) have several outstanding features which make them eminently suitable as a basis for numerical computation of the Fourier coefficients. Their possible use in this manner is described in considerable detail in the remaining sections of this paper. However, it is pertinent at this point to draw the reader's attention to certain aspects of these formulas.
The most interesting feature is that Eq. (6.9) is quite independent of round-off errors in the calculation of the elements /(23~n(l) -/(24_1)(0). Since it is simply a special case of (6.11) in which the K2q are arbitrary, Eq. (6.9) is true quite independently of the values which are assigned to these elements. The penalty for using incorrect values may be that the series converges more slowly, but it converges in such a way as to give a correct result for the Fourier coefficient.
A second feature is that the same set of numerical quantities E¡A]f, s = L 2, 3, • • •, s, is required for all the different Fourier coefficients. Here s is the value of s for which E¡A]f is s° small and is evidently steadily decreasing in such a manner that the computer is prepared to disregard E^nfIor s > s. The calculation of the first Fourier coefficient (m = 1) requires all these (except those for which ps = 0). The second coefficient requires alternate members of the set, and so on. The Fourier coefficients with m > s do not need any of these values. They are computed from the first p terms of the standard asymptotic expansion only, and with confidence in spite of the fact that the approximations to the derivatives being used need not be accurate.
The third feature of Eq. (6.9) or of (6.11) is that, although they are exact equations, they are of interest only if a numerical calculation is envisioned. The immediate reaction of a competent mathematician faced with Eq. (6.11) is to cancel out all the terms involving K2q and to reduce it, correctly, to the simpler form (6.10). If the sum over index s were to be evaluated analytically, this would be an obvious first stage. The importance of (6.9) is that, with these additional terms present on the right-hand side, the series converges at a rapid rate. And, aside from one or two special circumstances, the only reason for making a series more complicated in order to ensure more rapid convergence is that one intends to use it in a numerical calculation.
In the case that/(a;) happens to be a C°° and K2q = 0. In this case (6.9) reduces to the much simpler form (6.10) and in this case the convergence of the right-hand side of (6.10) is relatively rapid, each term being Ois~p) for any value of p. In the general case though, the convergence of the right-hand side of (6.10) is too slow for comfort, being 0(s-2), and in practice it is necessary to use a formula such as (6.9) or (6.11) to obtain a formula suitable for computation.
The above remarks apply equally to the variants of (6.9), (6.10), and (6.11) given below. We conclude this section by deriving these variants from the remaining equations in (6.6) and (6.7). Following a directly analogous procedure, we find This case iKi arbitrary) is of little interest from a numerical point of view since in applications the value of/(l) -/(0) would normally be available.
Implementation
(General Remarks). In the preceding sections, no use of approximation theory has been made. The formulas derived in the previous section are all exact. Their immediate use is precluded since each includes an infinite sum over index s. They differ from the simpler asymptotic series of Section 3 in one respect only. The 'infinite tail' of the asymptotic expansion (which normally diverges) has been replaced by a convergent infinite sum, the sth term in the sum having order 0(s~2n~2).
In this section and in subsequent sections we discuss the implementation of a calculation based on one of these formulas. In many important respects the same treatment may be applied to each of these formulas. It is convenient to describe in detail only one, namely (6.11). Any significant differences between different members of the set of formulas will be mentioned in passing.
While there may be many different ways of implementing these formulas, we shall confine our attention to a specific type of problem. We shall assume that we have available, in the form of a subroutine or an analytic expression, the function f(x). We wish to calculate approximations to a set of cosine Fourier coefficients = Í fix We require each approximation to have an error smaller in magnitude than a given tolerance e. We wish to calculate all the cosine Fourier coefficients which are greater in magnitude than e. Thus the value of m in (7.1) depends on « and may be determined in the course of the calculation.
The exact formula (6.11), on which we shall base an approximate formula (7.4) below, may be written in the following form: leads to the identification of E2A\f with E¡Alf and in this case the sth term of the sum is 0(s~2n~2). In general, when K2 ^ K2, this sth term is 0(s~2) and the ultimate rate of convergence of this series is slower. (This is discussed in some detail in Section 9.)
The approximation to (7.2) which we shall consider has the following form: This differs from the exact result (7. 2) in that all terms E['^J with s greater than s have been removed from the right-hand side of (7.2) to form the right-hand side of (7.5).
This set of approximations is specified once the following information is available:
The value of n.
The values of //, K2, llh ■■■, K2n. The general discussion falls into three parts. In Section 8 we take the view that we want to construct a method of procedure using which the values of s and n are determined in the course of the calculation. In Section 9 we discuss standard practical procedures for determining the values of If and the parameter K2q and their relevance in this particular problem. In Section 10 we discuss theoretical properties of the approximation (7.5).
8. Determination of n and s. Before dealing with the practical aspect of this calculation we derive first a simple theorem which relates s to e, the required tolerance.
Theorem 8.1. In terms of definitions (7.2), (7.3), and (7. The proof is direct: we take the difference between (7.2) and (7.5). Using standard manipulation of inequalities, we find
Here we have used the inequality \p,\ ^ 1, redefined the summation index, introduced nonnegative terms into the sum and applied (8.1). Condition (8.1) is a sufficient, but not a necessary condition. Since E^\f Õ is~~p) where p ^ 2, there always exists a value of s satisfying (8.1). If any particular value of s satisfies (8.1), so does any greater integer.
In a practical implementation, the determination of n and s and the methods used to determine If and K2q are related to each other. For descriptive purposes it is convenient to suppose for the moment that a value of n has been assigned and the required numbers //, K2q (g = 1, 2, ■ • -, n) are already available. In this case one may proceed as follows. We calculate successively the values E^\f, s = 1, 2, 3, •••. These values are given by (7.3) and each calculation requires the rule sum evaluation A1"'11/. This calculation is to be terminated at a point when we have just calculated E¡Alf, s = s and we have reason to believe that criterion (8.1) is satisfied. It is necessary in practice to replace (8.1) by a practical convergence criterion. There are many ways of constructing such a criterion, but none are foolproof. A simple form might have four parts License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use P.C. 1 and P.C. 2 are normal guards which will terminate the calculation altogether if the round-off level is clearly higher than e or if some physical limit set in the code is about to be exceeded. P.C. 3 is a simple criterion, which clearly must be satisfied before P.C. 4 can be considered. P.C. 4 may be as complicated as the user wishes. It should guard against a condition in which the sequence is converging very slowly, or the possibility of a single value of E^'llf being very small. We do not go into any detail about these practical convergence criteria here.
Thus the calculation of these elements is terminated with the sth term. S satisfies some practical convergence criterion P.C. 4 and hopefully it satisfies condition (8.1).
At this stage the set of numbers (8.8) Ël£l\f, 8=1,2, ..., 5, are available. For the calculation of C{m)f using (7.5) only a subset of this set is required, namely the set
In fact if m > s, the set (8.9) is empty and the sum in (7.5) may be replaced by zero. The theorem assures us that, so long as s in fact satisfies (8.1), then the calculated approximation C(m)f differs from the true value C{m)f by less than e for all m.
The 'cost' of this calculation includes the following principal items It is important to note that the same set of function values is used for all the Fourier coefficients, though all are not used explicitly in the evaluation of each coefficient. For example, in the cases where m > s, no function values appear in the formula. But they were required previously in order to show that m > s by establishing the value of s. Also, function values may have been used to determine the values of K2q. The description given above is restricted to a simplified situation in which the value of ti is assigned and the values of K2q (g = 1,2, ■ • •, 71) are immediately available. As described above the values of È^\f actually encountered are used to determine the value of s.
In a realistic situation, the use of an appropriate value of n is very important. The value of s depends on n as well as on e and may be quite different for different values of n. Thus one may 'cut costs' under item (ii) by using a small value of n to find that this involves a large s and an increase in cost under item (iii).
To illustrate this dependence we have treated the example Let us suppose that we wanted a uniform accuracy in the result of 5.10~7 and that the practical convergence criterion included as part P.C. 3 (8.6) the requirement (8.14) \E?4\f\ < 5.10-7.
If we had assigned n = 0, we would have proceeded to calculate the elements in the first column of Table 2 until one element satisfied (8.14) with n = 0. This sequence converges as s~2 and reaches the desired level at about s = 1473. If we had assigned 2n = 2, we would require the value of K2 to calculate the elements in the second column of In an automatic code, this information is not available at the start. Thus the code has to be arranged in such a way that it determines both n and s on the basis of the values of E¡"A]f actually encountered. The initial aim of such a routine is to find a pair of values n, s which satisfy P.C. 3 (8.6). After this it may retain this value of n and proceed to attempt to satisfy the entire convergence criterion, increasing the value of s if necessary.
This first stage has a superficial resemblance to a minimization routine in two variables q, s, the function treated being \E¡A]f\-Only unit steps in positive directions q and s are allowed in the search and at any moment, the list -Ê,.j §■1,/ (s = 1, 2, • • -, s) is available. If the next step involves increasing s, one additional entry in the list should be made. If the next step involves increasing q the entire list is updated by the addition of the terms f (2q)K2q*/s2Q. The routine should expect relatively smooth behavior of this discrete function in the direction of increasing s, but not in the direction of increasing q. Also there might be an adjustment built in by which the search routine assessed the cost of a step in the s direction against the cost of a step in the q direction. In straightforward cases all that is really needed is an upper bound on q.
While a poorly constructed code can lead to unnecessary work, a high level in sophistication for this part of the code is not necessary. Any terminal value q = n, s = s gives results of suitable accuracy so long as the fourth part of the practical convergence criterion P.C. 4 (8.7) is adequate. All that this first stage should be capable of doing is to choose a value of n which is not totally unreasonable. In the example illustrated in Table 2 , it should be able to increase n beyond 2n = 2 and should not increase n beyond 2ti = 8.
Finally, using these particular values of n and s, the calculation of any cosine Fourier coefficient is effected by direct substitution into (7.5) . The values of E2'A_2]f required have just been calculated while the values of K2q (q = 2,A, ■ ■ ■, n) were calculated or assigned as a by-product in that calculation.
If it is known beforehand that/(x) is periodic having period 1, the calculation is much simpler since K2q = 0 and the appropriate value of n is zero. However, the procedure described above may be used. If the function is periodic, it should appear that the values of K2q are all small ; good progress in the minimization is occurring by increasing §, while no progress is being made by increasing q. The routine should therefore adjust to a periodic function automatically.
The approximation C{im)f given by (7.5) is based on the exact expression (6.11) for Cim)f. All that is necessary to obtain (7.5) from (6.11) is to replace the infinite sum over index s by a finite sum, the restriction being s ^ s/m. Two further approximations for Cim)f and an approximation Sim)f for Sim)f maybe based on Eqs. (6.13), (6.14), and (6.15), respectively, by restricting the sum in an identical manner. We list here the resulting formulas : is known also as the alternating midpoint sum. These formulas have a slightly different 'cost structure' from that listed in (8.10), (8.11), (8.12). Item (i) does not appear. Item (iii) is about twice as expensive; to obtain the same accuracy roughly the same value of s is involved, but Rli-1]f has to be replaced by one of the operators (8.23) or (8.24), which involve about twice the number of function values. In the calculation of S^f this additional expense is unavoidable. In the calculation of C(m)/ if the value of If is known, the use of (7.5) in place of (8.16) leads to a much shorter calculation.
In formula (8.17), (8.20 ) the parameter Ki is arbitrary. However, it should invariably be replaced by Ki since this involves only function values:
9. Calculation of Parameter K2q. In the implementation described in the previous section, the numbers K2q (g = 1,2, • • •, n) have been treated as parameters. In fact, the exact formulas such as (7.2), (7.3) are identities in the set of numbers R2q and are valid whatever choice is made. The choice K2q = K2q where K2q is given by
is suggested because this choice leads to a faster ultimate rate of convergence of the sequence Ë^\f. Specifically, if we define AK2q by In the example of the previous section, we have seen the effect of choosing K2 = K4 =r . . . = K2n = 0. This is the same as choosing n = 0 and is done at the cost of introducing a high value of s and consequently a large number of function evaluations.
If the function/^) is known in analytic form, the derivatives may in principle be calculated analytically. Depending on the structure of the function and the time available, it may be too tedious to do this after perhaps some low-order derivative has been expressed analytically. Hopefully, automatic algebraic manipulators may become more readily available and remove the necessity for the rest of this section.
The subsequent discussion is restricted to the cases in which analytic differentiation is not a viable alternative, and some numerical expedient based on function values fix/) has to be used.
Before commencing such a calculation, or including the facility for such a calculation in an automatic code, one must give some attention to the accuracy required for these derivatives. The general situation here is one of balancing the cost of calculating K2q accurately against the cost of calculating a possibly large number of the rule sum approximations Rl,-1]f. In fact, the discussion in the previous section about the choice of n represents an extreme case of precisely this sort of balance. There the choice presented was between extremes. Either K2q = 0 or K2q = K2q. Here it is more delicate. With increasing effort we may attempt to make K2q successively closer to K2q . At what point should we be content with the accuracy attained? The reason we calculate K2q at all is to try to arrange that s, the value of s for which (9.6) ÏÈiiïlfl < 2e , is as small as possible. A glance at (9.4) indicates that we would like the effect of the terms f 02q) AK2q/s2q to have died out by the time the value s = s is reached. But in general the value of s is not known at this stage. However, if some estimate is available, the accuracy required might be chosen so as to satisfy (9-7) ^^<i, S=l,2,...,n s n or some similar criterion. If we define (9.8) F{x) = fix + 1) -fix) this requirement becomes (9.9) 1*^(0), <!*£., q=l,2,..,n.
While this should not be treated as a precise relationship, it is qualitatively illuminating. For example if we are willing to go as far as s = 6 (a total of 13 function evaluations for the rule sums) we find that the accuracy requirement for F'(0) may be relaxed by a factor of about 900 for the calculation of F'"(0). (However, one should bear in mind that it is the absolute accuracy which is under consideration here. The actual values of |F(2',_1>(0)| may increase with increasing q, leaving a much smaller factor in any calculation based on relative accuracy criteria.) If subsequently the estimate s = 6 turns out to be too high, the use of these inaccurate derivatives may force the actual value of s up to 6. On the other hand, if subsequently the estimate s = 6 turns out to be too low, we have used over-accurate approximations for the derivatives. In neither case need the calculation be abandoned or modified.
We now mention briefly three numerical methods which might be employed to calculate the derivatives. The first two could be applied directly to the function (9.10) Fix) = fix+1)-fix)
to evaluate the set F(s)(0), q = 1, 2, • • -, 2ti. (The even-ordered derivatives are required if the sine Fourier coefficients are also being calculated.) Whether or not the calculation is arranged to calculate F(3)(0), or to calculate /<5)(1) and/(î)(0) separately, any accuracy check at intermediate stages should be based on the value of F(5)(0). For example, if fix) is nearly periodic, F(,)(0) may be small while /(9> (1) and/(9)(0) are nearly equal larger numbers. Method 1. Finite-difference approximations. Standard formulas and codes exist for the evaluation of derivatives in terms of tabular points. These are rarely used because of the undue amplification of round-off error in the final result. In this calculation, the use of inaccurate approximations for the derivatives is corrected at a later stage in the calculation. Essentially a formula of the type (9.11) F(3)(0) ~ E aq"FiJh) j=-N may be used, the approximation being exact apart from round-off error if Fix) is a polynomial of degree 2N or less. These techniques are described in Milne-Thompson Method 2. Interpolation for derivatives in the complex plane. A different approach, which is convenient for obtaining approximations to a set of 'normalized' Taylor coefficients rsfMixo)/s\ with a uniform accuracy «t.c, is described in Lyness [13] . This requires that /(z) is analytic within a region in the complex plane which includes the circle \z -xo\ ú r and is based on complex function evaluations/(z,) at points on the circle \z -xo\ = r. The formula used for these approximations is (9.12) r'/C'),0Co) ~ ¿ £ e-2riis/Nfixo + re2*iilN) , s = 0,1,2, ■ ■ ■ ,N -1, S. 1\ j=i and on the basis of the same set of N complex function values this formula provides approximations of polynomial degree N -1 to fixo) and its first N -1 derivatives at Xo-So long as /(z) is a real function of z when z is real and x0 is real, only about A7/2 separate complex function evaluations are required since advantage may be taken of conjugate pairs, i.e., fixo + re'6) = [fixo + re"iB)]".
While a particular formula is specified once r and N are provided, an automatic code may be constructed (see [13] ) in which r and eT.c. are provided and the routine attempts to determine N in such a way that the error AfMixo) in the result satisfies (9.13) rs\AfAxo)\ <ercj s = 0,l,2,3,
The routine then returns a set of normalized Taylor coefficients together with an error estimate which may be larger than eT.c. if round-off error has necessitated this but which is generally smaller than eT.c.. An automatic routine of this type requires input parameters r and eT.c.. In view of (9.9) and (9.13) we should choose these to satisfy the set of inequalities For other values of n, an approximate solution of the equations obtained from (9.14) for q = 1 and q = n by replacing the inequality by an equality is (9.16) r~22t"e3 ; ét.c.-^ se (n = 6) .
Method 3. Global polynomial approximation based on trapezoidal rule approximations. There is a technique, described in Lyness and Moler [14] , which is designed to calculate precisely the quantities required. This is based on treating the Euler-Maclaurin formula in the same way as we treated the Poisson summation formula in Section 6. This leads to what is essentially a modification of Romberg integration. This technique makes use of precisely the rule sums which are being calculated in any case, and at first sight it seems that the derivatives may be calculated at an insignificant additional cost.
To illustrate the theory we consider Eq. (3.17), which may be written in the form
(j=i m q
If we set p = 2N + 2 and write this equation down for N distinct values of m, say mi, m2, • • •, m^, and disregard the remainder terms, the resulting N equations may be considered to be a set of linear equations in the unknowns K2q, q -1,2, • • •, N. In fact, should fix) be a polynomial of degree 2N + 1 or less, these equations would be exact since in that case the remainder terms are precisely zero. This set of equations has an associated matrix of the Vandermonde type which may be inverted analytically. However, there exists (see [14] ) a generalization of the Neville-Romberg algorithm. Using this, the calculation may be undertaken in a manner which is a slight generalization of Romberg integration. That is, a solution for K2, Ki, • • •, K2n based on mesh ratios mh m2, • • ■, m^ may be up-dated after the calculation of fí[m11/ -Ri2m-1]f, m = m^+i, by extending a generalized T-table.
If Eq. (3.15) is used instead of (3.17), the procedure includes a standard Romberg integration as a subset of the calculation.
This method fits very neatly into the general theory. In earlier versions of an automatic code this method was used and its defects were discovered experimentally. Like the other methods described above, it provides an approximation for/<5)(l) -/(s)(0) of polynomial degree 2N + 1. However, this method relies on global polynomial approximation (over the whole interval [0, 1]) rather than local polynomial approximation in the neighbourhood of an end point. Thus to provide accurate approximations the function fix) should approximate a polynomial over the entire interval. Otherwise, grossly inaccurate approximations are obtained.
A second extremely annoying feature of this method is that it may interact with the rest of the calculation. This is illustrated below by a simple example, in which Eq. (7.5) is being used.
We suppose that 2n = 8 and that the derivatives and the integral are calculated, using mesh ratios mi, m2, m3, m4, m5. In this case we have calculated approximations we should find the five members of this set for which s = mi, m2, m3, m4, and m5 to be identically zero (rounding errors apart). That is to say we have managed to choose approximations to the derivatives in a manner specifically designed to upset the convergence criterion. Once this situation is noted, it is quite easy to take care to see that it is not taken as an indication of convergence. However, the interaction may not be as specific as this extreme example indicates ; the apparent gain (obtaining derivative approximations at no additional cost) may be completely offset by having to use a much more carefully constructed practical convergence criterion and consequently additional function evaluations.
10. The Approximation Error C(m)/ -C(m>/. In the previous two sections, the emphasis of the discussion is on how to apply the approximation formula to obtain results of specified numerical accuracy. In this section we look at the resulting approximation and derive some simple theoretical properties of the error functional C(m)/ -C(m)/ The approximation C(m)f is specified once the following information is available:
(i) The values of parameters n and s.
(ii) The values of parameters K2q (g = 1, 2, • • -, n). The principal results in this section involve K^ only through AK2q = K2q -K2q, where K2q is given by (7.4).
We now discuss the polynomial degree of the approximation C{m)f. Ii fix) happens to be a polynomial of degree 2n + 1 both the Fourier coefficient asymptotic expansion (3.3) and the Euler-Maclaurin asymptotic expansion (3.15) are finite series having n terms. The remainder terms satisfy (10.1) CSUf = 0 , ElAl\f = 0 since both integral representations (3.5) and (3.9) involve an integrand with factor /(2n+2)(.j.) an(j this is zero. This introduces considerable simplifications into many of the formulas we have derived. Thus we may write in place of the exact result is zero for such functions. We now consider the trigonometric degree of the approximation. If fOx) is a trigonometric polynomial of degree s, it has the form (10. 7) fix) -Ao + X -¿r cos 2?rra; + ^Br sin 2.rra .
7=1 7=1
Two results follow readily. These are:
(10.8) #3 = 0, gèl, (10.9) RUMf = // = A,, s>s.
Consequently, if we set K2q = K2q in the exact result (7.2), (7. We now derive an approximation error bound of a conventional nature. This bound is similar to standard error bounds for quadrature rules of specified degree in that it contains a term with a factor (10.14) M2n+2 = max | /(2"+2) (¡c) | .
It also contains terms having coefficients AK2q, since unless these are zero, the result is not of polynomial degree 2ti + 1.
We deal with the simpler case in which m > s first. In this case, the calculated value C(m)/ is simply This depends on s in the sense that it is valid only if m > s. We now proceed to the more complicated case, that in which m ií s. Here we shall obtain a bound of the same general structure. The difference is that factor (2irm)2ä occurring in the denominator will be replaced by (2tt(s + l))2s_1 and certain different multiplying constants occur as coefficients in each term. The bound is rather pessimistic since certain sums and integrals are bounded in magnitude by sums and integrals of the corresponding absolute quantities in a conventional manner.
We proceed, as in the derivation of Theorem 8.1, to take the difference between (7(777)/ given by (7.2), (7.3) and C(m)/ given by (7.5). Taking into account relation 11. Discussion. The methods described in this paper for the calculation of Fourier coefficients all stem from one of Eqs. (6.11), (6.13), (6.14), and (6.15). These equations are fundamentally variant forms of the result of Möbius inversion of the Poisson summation formula. It is convenient to refer to these methods collectively as "The Calculation of Fourier Coefficients by Möbius Inversion of the Poisson Summation Formula" which will be abbreviated by the initial letters MIPS.
In recent years there have been many different methods suggested in the literature. In the interests of brevity we consider only the two which are possibly most familiar. These are 1. Finite Version of the Fast Fourier Transform (FFT). In general, an infinite integral is being approximated by a finite integral. Thus any polynomial approximation is not really appropriate since the functions involved do not approximate polynomials globally. Then in the calculation of a set C<m)f (m = 1, 2, • • -, 2s), the user is not interested in individual accuracy, but rather in the properties of this set of numbers as a whole (Gentleman and Sande [6] ). Usually the general situation is one in which function values fix/) at regularly spaced intervals may be obtained at virtually no cost. The principal cost is the organization of the calculation of the set of quantities C(m)f, m = 1, 2, ■ • -,2s from the two sets/(//2s), j = 1, 2, • • -, 2s, and cos 02-kj/2s), j -1, 2, • • -, s/2. A great amount of ingenuity has been expended on this particular data handling problem (Cooley and Tukey [3] ).
The Filon-Luke formulas (FLF), and the methods based on Möbius inversion (MIPS) described here are more appropriate in a rather different set of circumstances. Here a general function, rather than one derived from approximating an infinite interval by a finite interval, is being considered. The intention is to obtain accurate individual approximations.
And the cost of function evaluations is the significant cost.
The possible user should obviously decide to what extent his particular problem conforms to either of these two significantly different situations.
We give under several headings below what we consider to be the significant properties of the three methods. Together with the remarks made above, a possible user should check this list to see which method seems to be most appropriate in his case. The list also brings out some major theoretical differences. In an actual calculation it is sometimes necessary to subsequently improve the accuracy of the approximation. In fact, if the intention of the user is to obtain an approximation of specified accuracy e, it is difficult to use either the FFT or FLF methods unless approximations corresponding to different values of s are obtained and the accuracy estimated by comparing these different numerical results. In either case, the only reasonable option is to use values s = Si, S2, ■ ■ • where s¿ = 2s ¿_i. In this way all previously calculated function values are used, but the cost of each step is approximately the same as the cost of all the previous steps put together, and provides a considerable increase in accuracy.
On the other hand, the accuracy of the MIPS approximation may be increased by increasing the value of s by 1, as described in Section 8. This obtains a marginal improvement at a marginal additional cost. Proceeding in this way one ultimately uses an appropriate value of s automatically.
5. Additional Information. A property of the MIPS method not shared by other methods is that information such as the value of If or the values of the derivatives/(î>(0), /(s)(l) maY be incorporated in a simple manner into the formula. This has the effect of reducing the number of function values required.
6. Polynomial and Trigonometric Degrees. It was shown in Section 10 that under certain conditions the MIPS approximation has degrees 2tj + 1, § respectively. The corresponding degrees for the FFT are 0, 2s -m. The FLF are constructed to have specific polynomial degrees. The first two members of this sequence (11.3) and (11.4) have polynomial degrees 1 and 3 respectively. All have zero trigonometric degree.
The comparison of (11.1) and (11.3) is interesting in this context. They differ only through the factor a(0m). Thus (11.1) is exact for trigonometric polynomials of degree 2s -m, but not for the function/(x) = x, while (11.3) is exact for the function fix) = x, but not for the trigonometrical polynomials. On the other hand (11.1) gives an absurd result for m > 2s, i.e., C(m+2,)f = C{m)f while (11.3) may give an inaccurate result, but one of the correct order O0m~2).
7. Location of Abscissas. Both the FFT and the FLF require function values fij/2s) located at equal intervals. This is particularly convenient if fix) is tabulated at equal intervals and there is an integer number of such intervals in the interval In the cases in which a function subroutine is available, the actual location of the abscissas is not important, and all methods are equally convenient in this respect.
Number of Function Values per Period. It is stated in many books such as Davis and Rabinowitz
[4], Hamming [8] that a requirement for a meaningful calculation is that the function values occur sufficiently densely so that each period of the function fix) cos 2-Kmx includes more than one function value. This certainly seems to be valid if either the FFT or the FLF are used. It is an interesting feature of the MIPS method that there is no restriction of this type. In the example in Section 8 the first 1000 Fourier coefficients are greater than e = 10~6. However, these were calculated using only 33 function values together with the exact derivatives and the value of the exact integral. If a formula based on (8.23) is used, 241 function values are required explicitly and a further 24 to obtain adequate derivatives numerically. The integral If is not required. Based on 265 function values, any of the integrals Cim)f, 1 < m < 1000 may be calculated in a meaningful manner. The period 1/m of any particular integrand does not enter into the calculation at the stage when function evaluations are being made and so does not affect their location.
The author does not wish to give any value judgement on the respective merits of the three methods discussed in this section. Several sets of numerical calculations have confirmed that there are examples in which any of these might be considered superior. In Part II various extensions of the MIPS method will be presented to handle problems for which no standard method exists. These extensions introduce more sophisticated coefficients, but otherwise have a close resemblance to the methods described here. 
